A woven matrix, W, is a type of block matrix constructed from an m by n (0, 1)-matrix D with row sums r 1 , r 2 , . . . , r m and column sums c 1 , c 2 , . . . , c n , r i by r i matrices R i (i = 1, 2, . . . , m), and c j by c j matrices, C j (j = 1, 2, . . . , n). Several properties of the determinant and the spectrum of woven matrices are known. In particular, the determinant of a woven matrix is ±(
. In this paper it is shown that in general the permanent of W is not determined by the permanents of the R i and C j . However, there are instances when
per C j .
(I)
Introduction
We begin by describing a method, called weaving, of constructing new matrices from old ones. The method was originally conceived in order to resolve the existence of certain weighing matrices and related orthogonal matrices [3] . Let 
We call D the lattice, R i the ith warp, and C j the j th woof of the weaving. A matrix, W (D), obtained this way is called a woven matrix. Note that clearly W (D) is an N by N matrix, where N = r 1 + r 2 + · · · + r m = c 1 + c 2 + · · · + c n .
As an example of a woven matrix, let D be the k by matrix of all 1's, take all R i to be a fixed k by k matrix A, and all C j 's to be a fixed by matrix B. Then, up to permutation of rows and columns, W (D) is the tensor product of A and B.
The permutation matrix, P D , of D is the m by n block matrix whose (i, j )-block is 0 if d ij = 0, and otherwise is the r i by c j elementary matrix E s(i,j ),t (i,j ) which has a 1 in the (s(i, j ), t (i, j )) position and 0's elsewhere. Note that P D is an N by N permutation matrix. As observed in [3] ,
where ⊕ denotes the direct sum. From (2) we see that
Let A = [a ij ] be an n by n matrix. The permanent of A, per A, is defined by
where σ runs over all permutations of {1, . . . , n}. Thus, the permanent is like the determinant except it ignores the sign of the permutation σ . Not surprisingly, the determinant and the permanent share many properties. Both are multilinear functions (of the columns) and both are invariant under taking the transpose. However, the permanent fails to inherit the multiplicative property. That is, for square matrices A and B, per AB need not equal (per A)(per B). For this reason, evaluating permanents is considerably more difficult than evaluating determinants. Indeed, permanent evaluation of (0, 1)-matrices is known to be a #P -complete problem [5] . In this paper we try to understand the extent to which a permanental analog of (3) holds. The following example shows that, in general, the permanent of a woven matrix is not determined from the permanents of its warps and woofs. Throughout J k denotes the k by k matrix of all 1's, and 1 k denotes the k by 1 vector of all 1's. Let D = J 2 , and each of R 1 , R 2 , C 1 and C 2 be J 2 . Then
Now let
Since per (R 1 ) = per (R), we conclude that the permanent of a woven matrix W (D) is not determined from the permanents of its warps and woofs. While the permanental analog of (3) does not hold in general, the following example illustrates that for certain D, (3) holds. Let
and
Define D to be a multiplicative lattice if for all warps R 1 , . . . , R m , and all woofs
In Section 2, we characterize the multiplicative lattices D. In Section 3, we use the characterization to give several families of matrices whose permanents are easy to calculate. In particular, we show that if at least m − 1 of the R i are diagonal matrices then (4) holds for any woofs C 1 , . . . , C n . In addition, we show how, in special cases, it is possible to convert the problem of computing the permanent of a woven matrix into the problem of computing the determinant of a related woven matrix. = 0. We say that D is connected if and only if its bipartite graph is connected. Thus, D is not connected if and only if there exist permutation matrices P and Q such that P DQ has the form
Multiplicative lattices
Either In this section, we prove that D is a multiplicative lattice if and only if the bipartite graph associated with D is a forest (that is, a graph with no cycles).
A diagonal of the n by n matrix A = [a ij ] is a collection of n entries of A, no two of which are in the same row and column. A diagonal is nonzero if each of its entries is nonzero. We shall make use of the following well-known result which follows from König's theorem (see Theorem 1.2.1 of [1] ). 
is a c j by c j (0, 1)-matrix with exactly one nonzero entry in each column. Also, let E * be the subset of E consisting of all E = (E 1 , . . . , E n ) where each
Since the permanent is a multilinear function of the columns,
Note that if E ∈ E * , then
where
Suppose D is a multiplicative lattice. Set each R i and C j to be all 1's matrices. Note that ( We claim this implies that the bipartite graph associated with D is a tree. It suffices to show that removing any edge of the bipartite graph of D disconnects the graph. 
Consider an entry
Thus, up to permutation of rows and columns, D has the form
where 
Therefore, D is a multiplicative lattice. 
and I N −c 1 is the permutation matrix of 
where U is the matrix obtained from C 1 by deleting its last row, and V is the matrix obtained from R r+1 by deleting its first column. Thus, we have the following:
matrix, and let
where U is the matrix obtained from U by deleting its last row, and V is the matrix obtained from V by deleting its first column. Then per A = (per U)(per V ).
We note that Proposition 3.2 can also be proven directly by noting that each nonzero diagonal of A contains exactly one nonzero entry in the lower left block of A.
More generally, if k 1 , k 2 , . . . , k t are positive integers and
then D is a multiplicative lattice, and hence we have the following:
be a t by t matrix and for i = 1, 2, . . . , t, let
per U i (per V ).
We now use Corollary 3.3 to give other instances in which the permanent of a woven matrix is the product of the permanents of its warps and woofs. 
Proof. Since the permanent of a matrix is invariant under row permutations, we may assume that R i is a diagonal matrix for i = 1, . . . , m − 1. Elementary properties of the permanent imply that
where I r i is the r i × r i identity matrix. Let k = r m and assume that the nonzero entries in the mth row of D lie in positions j 1 < j 2 < · · · < j k . Then it can be verified that the matrix (I r 1 , . . . ,
Thus from Corollary 3.3, we obtain
per C i .
Since j k is taken from {1, . . . , n} for each k = 1, . . . , n, and j h / = j k if and only if h / = k, we have
which completes the proof.
As the determinant is a multiplicative function, it is relatively simple to calculate the determinant of a matrix. However, the problem of computing the permanent of a square matrix is known to be #P-complete. It has been shown that for some families of matrices it is possible to convert the problem of computing a permanent into the problem of computing a determinant.
More precisely, let M n denote the set of all n by n real matrices. For a (0,1)-matrix A of order n, we define
Let H be an n × n (0, 1, −1)-matrix with the property that an entry of H equals 0 if and only if the corresponding entry of A equals 0. Thus H is obtained from A by affixing minus signs to some of its entries. The matrix H converts the permanent of matrices in M n (A) into the determinant provided
for all matrices X in M n (A). It is well known (see [2] ) that H converts the permanent of matrices in M n (A) into the determinant if and only if per A = |det H |.
If such an H exists, we say that A is convertible, and that H is a conversion of A. The following result, whose proof follows from definitions and the preceding well known result, shows that each woven matrix whose lattice is multiplicative, and each of whose warps and woofs is convertible is also convertible. C 2 , C 3 , C 4 ) . We note that not every matrix in M n ((R 1 , R 2 , R 3 ) ⊗ D (C 1 , C 2 , C 3 , C 4 )) is a woven matrix.
